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Abstract 



' We analyze the asymptotic solutions of Chiral Gravity (Topologically Massive Gravity at 



/i£ = 1 with Brown-Henneaux boundary conditions) focusing on non-Einstein metrics. A class 
of such solutions admits curvature singularities in the interior which are reflected as singularities 
, or inhnitc bulk energy of the corresponding linear solutions. A non-linear solution is found 

ff^ ■ exactly. The back-reaction induces a repulsion of geodesies and a shielding of the singularity by 

, an event horizon but also introduces closed timclikc curves. 

o 

O \ Pacs: 04.20.-q,04.60.-m,04.70.-s,11.30.-j 

- Chiral gravity has recently been proposed as a consistent, non-trivial and stable pure gravity 

r> \ theory in three dimensions containing black holes [T], which would make it an extremely valuable 

' toy model to study various aspects of quantum gravity. This theory is a special case of Topologically 

Massive Gravity (TMG) [21 [3l H] at a particular point in parameter space and with phase space 
defined by asymptotically AdS^, Brown-Henneaux boundary conditions [5]. The chirality of the 
theory at the classical level manifests itself through its asymptotic symmetry group consisting in a 
single copy of a Virasoro algebra acting on the phase space of the theory [6l [7] ■ It has furthermore 
been conjectured [T] that a positive energy theorem holds for the theory. 

At the linearized level, examples were proposed in the literature disproving positivity [51 [9l [TOl 
I31[TT]. However, it was subsequently shown that they all suffer from linearization instabilities |12] . 
Defining a theory with consistent massive graviton excitations at the chiral point instead requires 
to relax the Brown-Henneaux boundary conditions allowing for a logarithmic term, as described 
in [m El [E] . This leads to a theory that is dual to a logarithmic CFT [131 [E] • At the non- 
perturbative level, it was proven that all stationary, axially symmetric solutions of chiral gravity 
are the familiar BTZ black holes [TTj from pure Einstein gravity [12]. Whether all solutions of 
chiral gravity are Einstein metrics had been left as an open question. 
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At the quantum level, it was argued that the partition function computed by summing over 
real saddle points including all perturbative corrections is the chiral half of the extremal partition 
function proposed by Witten as the dual of pure 3d gravity [181 IHl H] • The latter real saddle 
points turned out to satisfy euclidean Einstein's equations. 

The purpose of this note is to show that there exists solutions to chiral gravity which do not 
satisfy Einstein's equations. These solutions are non-stationary or non-axisymmetric in accordance 
with the Birkoff theorem proven in [12]. Our analysis will be based on the recent work [20] which 
determined the most general asymptotic solution of TMG at the chiral point in Fefferman-Graham 
form. As we will see in Sec. 1, the equations of motion of TMG are less restrictive than in pure 
gravity, and allow for more general asymptotic solutions. The latter are in general expressed as 
an infinite asymptotic series at the boundary. We should however worry about the regularity of 
the solution in the interior geometry in order to know if we should regard them as physical or 
not. We address that issue from two different perspectives. In Sec. 2, we analyze a large class 
of linear perturbations around AdS and the BTZ black holes absent in pure Einstein gravity but 
obeying Brown-Henneaux boundary conditions. We find that those perturbations are singular and 
have infinite bulk energy. We analyze in Sec. 3 the effects of back-reaction on one particular 
perturbation. The non-linear solution admits a curvature singularity which however coincides with 
a past event horizon. The singularity is therefore shielded. However, naked closed timelike curves 
are also present in the interior geometry and allow causality violation. We will conclude with a 
discussion on the implications of these solutions on classical and quantum chiral gravity. 



1 Asymptotic solutions of Chiral Gravity 

Asymptotically anti-de Sitter space times can be defined as conformally compact manifolds whose 
boundary metric is conformal to a cylinder. Such spacetimes admit an asymptotic Fefferman- 
Graham expansion whose precise form depend on the equations of motion of the theory considered. 
In Topologically Massive Gravity (TMG) at fii = 1, such an expansion was determined in [20] to 

ds^ = — + {-r'^dt^ + r'^dcl?) + (logr6(2)ij + 5{2)ii + o(r°)) dx'dx^ (1.1) 



where ^(2)ij and g{2)iji i = t,(j) are further constrained by the equations of motion. Chiral gravity 
can be defined as the subset of this theory where the logarithmic branch is turned off, 

bi2)rj = 0, (1.2) 

which can be done consistently with the equations of motion. This condition is equivalent to setting 
the left set of Virasoro charges to zero [12] and reduces the phase space to metrics obeying the 
Brown-Henneaux boundary conditions [5]. At second order in the Fefferman-Graham expansion, 
the equations of motion imply that (7(2) is traceless and that a chiral projection of its divergence 
is fixed. In Einstein gravity, the whole divergence of g(^2) is fixed [21], but in TMG at the chiral 
point, one condition is relaxed and only a chiral half of the divergence is fixed by the equations of 
motion [22]. The general non-linear solution at second order is then 

5(2)., = (\\) Ht,4>) + ( _\ ) L{t-4>). (1.3) 

It is easy to check that the modes of the function L[t — (j)) are in one-to-one correspondence with the 
eigenvalues of the right-moving Virasoro charges while the function F{t, 4>) does not appear in the 



^We use the conventions of [T] and e'^*'* = +1. 
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asymptotically conserved charges, see the definitions of charges e.g. in [7]. Also, the holographically 
renormalized stress-tensor [201 [23] 

T<i,^ = Ttt = -^L, Tt^ = --^L (1.4) 

does not depend on F. We observe that the Cotton tensor is zero at second order in r if and only if 
F(t, (p) is a left-moving function L{t + (f)) corresponding to solutions of Einstein gravity. The novelty 
in Chiral gravity with respect to Einstein gravity comes therefore from the part of the function 
F[t, (p) which is not of the form L{t + (p). Such a function cannot be removed by a diffeomorphism. 
As a reminder, the two functions L{t — (j)) and L{t + (j)) except their zero modes can be removed 
upon acting with a globally defined large diffeomorphisms generated by the two Virasoro algebras. 
The zero modes of L{t -\- (j)) and L{t + cp) are equal to the two parameters of the BTZ, see e.g. eq 

(1) ofM- 

The asymptotic solutions with F{t, (/)) ^ can be solved at higher orders with the following 
expansion 

dr^ /II A ■ 

= 72- + i-r'^dt'^ + ^^#^) + [9{2)ij + -^mij + ■^9(6)ij + ■■■] dx'dx^ (1.5) 

Using the differential operator Da = dt + ad^j,, one finds 

9m = 4f"n"' -.n' ) D_,F{t,cp)+( M F{t,ct>)L{t-cP), (1.6) 








+ ( ! ! ) (FD^i - —D^iF)D^iF + — ( \ M L'D^iF, 
8 I 1 1 / 12 ' 72 V -1 1 

9[8)ij = ■■■ (1-7) 

In general, the Feffer man- Graham expansion does not terminate. It terminates at order 4 {g[Q)ij 
and higher are zero) for all solutions of Einstein gravity |25j where D^iF = 0. 

A solution of chiral gravity has to obey regularity conditions in the interior. If curvature 
singularities are present, they should be shielded by an horizon. We now turn our attention to that 
issue by studying first the linearized theory. 



2 Linear perturbations 

Studying the physical content of the entire class of metrics (jl.Sp is a tedious task. In order to grasp 
some insight we will study linear perturbations around anti-de Sitter space and around the BTZ 
black hole and investigate whether these linear solutions are regular in the interior geometry and 
have finite energy. 

Anti-de Sitter space and the BTZ have the form (jl.Sp where the only non-vanishing Fefferman- 
Graham coefficients are 

^(2)^^-Va-m m + a)^. ' ^m - \ ma ) ^. ' ^^'^^ 
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Anti-de Sitter space is given by m = a = —1/4 while the BTZ black holes have m,a > 0. The 
Fefferman-Graham coordinate r extends from infinity to r = 1/2 for AdS where the spacetime 
ends. For the black holes, the coordinate r reaches the horizon at r_|_ = (ma)^/^. These bounds 
are more easily seen by using the standard BTZ coordinate R = (r^ + (m + a) + mar~^)^/^ such 
that g^^ = E?'d(lP'. For the sake of completeness, the Virasoro zero modes are given by 

— TTl 

Lo = 0, ^0 = ^- (2.9) 

As a starter, one could try to find if highest-weight solutions exist in the Fefferman-Graham gauge 
as they do in traceless-transverse gauge [1]. In Fefferman-Graham coordinates, the SL{2,M.)l 
generators have the form 

Lo = '^{dt + d^) (2.10) 



= r'''^''\^^,^, + ^^^^,-^r^.). (2.12) 

and obey = 2Lo, [L±i,Lo] = ^L±i. The 5L(2,M)/j generators L„ are obtained by 

inverting (j) — t- —(j) in the above. Starting from the anzatz 

hf.^dx^dx" = e-^(^+'^)*+^('^-'^)*(5i(r)#2 + 2g2{r)dtdct) + g3{r)d(t>^) (2.13) 

and imposing that the perturbation is invariant under L_i and L_i, one finds that h = h and 
91 ^ 92 ^ 91, ^ (r~^ -|- 4r^)^'^. The equations of motion then fix /i = 1 and 51 = 52 = 0. 
The linearized solution do not obey the Brown-Henneaux boundary conditions and is therefore 
not tangent to the phase space of chiral gravity. There are therefore no highest weight state 
perturbations in the Fefferman-Graham gauge. We therefore turn our attention to perturbations 
which do not fall in highest weight representations. 
Let us consider the following anzatz 

F{t,(l)) = a + et, L{t-(t)) = m. (2.14) 

Keeping only terms linear in e in the equations of motion, we obtain the following linear solution 

h^^dx^dx" = t{dt + #)2 + "^{-dt^ + dcf)'^) (2.15) 

which admits a finite Fefferman-Graham series expansion. The solution is linearly divergent in 
time and might potentially represent an instability of the background if it is a normalizable and 
bounded perturbation, see e.g. discussions in [26]. The perturbation is manifestly not bounded 
when t goes to infinity. However, since the (r, t) coordinate system breaks down at the black hole 
horizon, one has to re-express the perturbation in Kruskal coordinates (C/, F, </>) (see [IT]) to be 
sure this is not a coordinate artifact. We checked that the perturbation indeed blows up at the 
black hole horizon for the cases m = a and m, q > 0, and therefore does not represent a genuine 
instability. This divergence suggests that any non-linear completion of the perturbation (|2.15|) of 
the form g = g + h + h(^2) + • • • admits curvature singularities. Another argument for the irregularity 
of the perturbation goes as follows. The equations of motion E^y = yJ—g{G^u — 9iiu + C^u) admit 
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the perturbative expansion E^,„[g] = Efj_„[g] + ElJ[h;g] + ElJ[h,h;g] + E^J [h(^2)', d] + The 

energy of the mode (j2.15p can be computed usmg a bulk integration as 

Qbuikidt) = l^*{idtrEj^J{h,h-g)dxn, (2.16) 

where E is a constant time shce. Now, it turns out that this energy always diverges due to the inner 
bound of the integration either at the origin of AdS i?o = or at the horizon of BTZ Rq = ^/m+^/a. 
Indeed, we find 

poo JT) 

Qbuikidt) ^ / p w+i + ford>0 (2.17) 

where the degree of divergence d (defined with respect to the coordinate R) is always positive. Its 
explicit value turns out to depend on the background metric in an non-trivial manner, see Tabled) 



Background geometry 


a 


m 


degree of divergence 


AdS 


-1/4 


-1/4 


1 


non-extremal BTZ 


> 


> 


3/2 


Extremal BTZ with Lq = 


> 





2 


Vacuum BTZ 








4 


Extremal BTZ with Lq > 
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Table 1: Degree of divergence of the energy of the linearized solution linear in time in the interior 
of the background geometry at R = Rq. 

One can generalize the above analysis to the anzatz 

F{t,<t)) = ee, L{t-(t>) = m n>2 (2.18) 

with a polynomial function of time of degree 2 or higher. We choose to analyze the solutions around 
the background a = for simplicity. It turns out that the linear solution has a finite Fefferman- 
Graham expansion which stops at r~'^^2i around the vacuum BTZ (m = 0) and at r~^l-2 J~2 around 
the extremal BTZ with Lq > {m > 0). The linear solution takes the form 



where 

ds^Q = {dt + d(j)f' , ds^^Q = —dt^ + dc 

2 

(is(^o) = -dt^ + 2dtd4> + d(f>^, dsf^ -^^ = -{-dt + 17d4>){-dt + d(f>), dsf-^^^) = (dt - d^))'^ , 
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dsfifi) = -dt^ + 2dtd4> + {2i + 1)#^ . . . , ci4i,i+i) = cd(i) ~ ^"^^^ - ^ 

where Cat{i) = ^yi^^^i-^ are the Catalan numbers. The general expression ds'^. < j < i can be 
expressed in terms of intricate combinatorial factors that we do not need to write down here for 
our arguments. We checked that (j2.19p is a linear solution around the background (j2.8p with a = 
and m arbitrary for all n < 15. 
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The linear perturburation is always singular at r = which is at the horizon of the massive 
BTZ black hole (m > 0) or at the origin of the vacuum BTZ (m = 0). We therefore expect that 
any non-linear completion of this perturbation will be singular. Further evidence comes from the 
bulk energy 

/oo ^ p 

{1 + 0{R^)) ^ ^ foralln>2, m>0 (2.21) 

which always diverges with a degree of divergence d = 2n + 2 > 6 for n > 2 superior to the ones 
of the perturbation linear in time. In that sense, the polynomial solutions are more and more 
singular with increasing n. The divergence in the energy here does not signal a breakdown of 
the Brown-Henneaux boundary conditions. Rather, it signals the existence of a singularity in the 
interior geometry. 

We have explored a restricted set of non-Einstein linearized perturbations, namely a subset 
of which have a finite Fefferman-Graham expansion. In all cases analyzed, the perturbations are 
singular and have infinite bulk energy. Moreover, the divergence in the energy increases qualitatively 
for polynomial modes in time of higher order. We don't expect that adding an angular dependence 
in F{t, (j)) will resolve these singularities. In order to prove or disprove the conjecture that the only 
regular solutions of chiral gravity are Einstein metrics, one would have to analyze the entire class 
of linear solutions with F{t, (j)) arbitrary. It seems to be a hard problem that we leave unsolved. 

A caveat of the above analysis is that even if solutions of chiral gravity are irregular, the 
singularities might be hidden by an horizon introduced by back-reaction effects. In order to study 
that possibility we now turn our attention to a particular case where the back-reacted solution can 
be found. 



3 Back-reaction effects: repulsion, horizon shielding but closed 
timelike curves 

One can ask if the presence of a singularity that we infered in the last section from the linear analysis 
could not be hidden by an horizon in the non-linear solution when all higher order perturbative 
corrections are taken into account. We will develop the answer to that question for the most simple 
example of the linear time perturbation (j2.15p around the extremal BTZ background with Lq = 
(?Ti = 0) in what follows. First, we note that in this simple case the perturbative expansion stops 
at second order. The non-linear solution g = g + h + /i(2) is given by 

ds' = ^ + {-r'^df + r2#2) +(a + t^- {dt + d<i)f . (3.22) 

\ 9or* J 

This solution falls into the class (jl.Sp with gi^^-j ^ and no higher Fefferman-Graham coefficients. 
We set the parameter a to zero by a shift of time. The conserved charges of this solutions are 
simply 

Lo = 0, Lo = 0. (3.23) 

At r = 0, the system of coordinates breaks down but two physical effects can be seen: the norm of 
the Killing vector field ^ is infinite and the Ricci tensor contracted two times with ^ is infinite as 
well. If r = can be reached by geodesies in finite affine time, it represents a physical singularity. 
Indeed, a vector field on a regular manifold cannot have infinite norm except asymptotically close 
to its open boundaries. However, this singularity might be hidden if geodesies cannot reach r = 
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in finite coordinate time t. Another source of concern is the presence of closed timehke curves in 
the spacetime region beyond the velocity of light surface (VLS) where the norm of dip becomes null, 

^' + ^7-^ = (VLS). (3.24) 

One could ask whether geodesies can probe or not that region and reach the AdS boundary and 
whether the coordinate time always increases on timelike and null geodesies. 

In order to settle those questions, we have to solve the geodesies equations. Since the spacetime 
is time-dependent these equations do not have a simple form and have to be solved numerically. 
Nevertheless, before doing so, one can get some insights in the role of the back-reaction term /i(2) 
by considering null geodesies around the spacetime 



ds^ = ^ + {-r^dt^ + r^d(P^) -^{dt + dcPf. (3.25) 



which is a valid approximation to the near r = region of ()3.22p with 7 = 7/ (4\/6) 7^ when t is 
finite. Denoting by £' = x^g^t and J = x^g^^ the conserved energy and angular momentum along 
the null geodesic x^[t), we find that 

~ 2 

= (£;2 - J2) _ _ j)2 (3.26) 

where the dot denotes differentiation with respect to affine time r. Since > 0, geodesies admit a 
solution only for E"^ > or E = J. For E = J, the null rays lie on circular orbits at fixed radius 
while for E'^ > null rays reach a minimum radius and are repulsed to infinite radius as can be 
seen from the second order differential equation for r 

,3,27) 

The back-reaction term can therefore be thought of as inducing a repulsive barrier close to r = 0. 

Let us now go back to the solution of chiral gravity ()3.22p . The repulsion of geodesies will 
take place as long as the time coordinate t(r) does not diverge when r(r) approaches zero. When 
t(T) diverges, the approximation (j3.25p is not valid and one has to solve the complete geodesic 
equations. However, in the later case, the singularity will be in the future or past event horizon of 
an observer at infinity. This effect can be probed more directly by noting that the two equations 
J = x'^gfj_(j, and g^^x^x^ = imply as a consequence of > that 



7*>^-'(^ + l). (3.28) 



When 7 = 0, there is no constraint. Also, at infinity there is no constraint, consistently with 
the behavior of geodesies in AdS. The relation now implies that all geodesies crossing r = will 
necessarily reach t = +00 when 7 > and t = —00 when 7 < 0. This points to the existence of a 
past event horizon and a future event horizon for 7 > and 7 < 0, respectively. Once the choice of 
time fiow in the boundary AdS metric is fixed, the solution with 7 positive or negative are physically 
inequivalent. In the former case the singularity lies in the future and cannot influence the past, 
while in the latter case the singularity lies in the past and influences the asymptotic observer. The 
latter spacetime is pathological since the singularity r = is naked. We will therefore only consider 
7 > in what follows. The curvature singularity is then safely hidden beyond a past event horizon. 
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In that sense, the back-reaction resolves the singularity found in the linear theory by shielding it 
with an horizon. 

Let us now study in more details the closed timelike curves. Let us pick up a point p lying 
beyond the velocity of light surface (13.24p but outside the singularity > 0. The norm of at 
that point is given by — with c > 0. Choosing for convenience the proper time of the geodesic 
such that r{p) = ±1, the constraint (I3.28P then enforces that 



c<rp\J\. 



(3.29) 



We see that geodesies without angular momentum cannot probe the region with closed timelike 
curves. The constraint (|3.28p is then exactly the condition that geodesies cannot penetrate inside 
the velocity of light surface. However, nothing prevents to probe regions with arbitrary negative 
norm with geodesies with a high enough angular momentum. An example is presented using 
the numerics in Fig [3l The closed timelike curves are therefore naked and we conclude that the 
spacetime (j3.22p is not very physical. 

Let us present the numerical results. Using a rescaling of the coordinates and a change of 
periodicity of (p (that will not affect any of the results here), one can set 7 = +1. We will integrate 
the geodesic starting from the AdS boundary r = 00 at r = 0. We can rescale the affine time r 
such that r(0) = — 1 and we fix 0(0) = 0. The initial data of the geodesic then only reduces to the 
angular momentum J and to the initial time t{0) = to both taking values in M, and, the sign of the 
time flow t(oo). 
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Figure 1: Future-directed null geodesic with 
J = 0, to = 0. The geodesic comes from AdS 
on the right-hand side and goes towards the 
singular horizon r = 0, t = 00. The region 
to the left of the dashed curve (VLS) is the 
region with CTCs forbidden by ^^2E\i . 



Figure 2: Future-directed null geodesic with 
J = 0, to = —2. The geodesic comes from 
AdS on the right-hand side and goes back to 
AdS after bouncing at positive radius. The 
region to the left of the dashed curve (VLS) 
is the region with CTCs forbidden by (|3.28p . 



At zero angular momentum, the geodesies fall into two distinct classes depending if to is bigger 
or smaller than the numerically found critical value 



-1.4165 ±0.0001 



(3.30) 



When to > t*, future-going geodesies reach r = in finite affine parameter. The time coordinate 
t diverges there and has positive norm. The geodesic reaches the singularity. When to < t* 
future-going geodesies reach a minimal positive radius and bounce back to the AdS region. The 
geodesies can be extended to infinite affine parameter and the coordinate t reaches a finite value, 
as it should in AdS. 
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Figure 3: Initially future-directed null geodesic with J = —200, to = —10000. The geodesic comes 
from AdS on the upper part of the right-hand side, enters the CTC region after crossing the velocity 
of light surface plotted by the vertical line, and goes back to the AdS region at a lower coordinate 
time t thereby violating causality. 



When the angular momentum is turned on one can find numerically a critical time t*(J) < 
such that geodesies either reach the horizon r = at t = oo or bounce back. The function t*(J) 
is not symmetric upon flipping the sign of J as a consequence of the metric being parity violating. 
Most importantly, there exists null geodesies probing the CTC region and going back to the AdS 
region at an earlier time, thereby violating causality. An example of such a geodesic is shown in 
Fig El as previously announced. 

4 Discussion 

The existence of non-Einstein solutions to chiral gravity raises a certain number of questions, both 
on the classical and quantum consistency of chiral gravity. We argued that curvature singularities 
could be present for all solutions. Such singularities might be hidden by an horizon, as we showed 
on one example, but other pathologies, like closed timelike curves, possibly render these solutions 
unphysical. We leave as an open classical problem the interested reader to show the (non-)existence 
of regular non-Einstein solutions to chiral gravity. It is interesting to observe that the structure 
underlying these solutions is specific to the chiral point fil = 1 and to AdS boundary conditions 
and therefore does not depend on any free parameter in TMG. 

Let us now comment on the role of the non-Einstein solutions to the quantum theory of chiral 
gravity. Building on the work of Witten [18], the authors of [12] showed that summing only the 
real saddle points of the Euclidean action amounts to consider only Einstein metrics, because the 
euclidean equations of motion for TMG have the simple form 



The fact these Einstein metrics are all locally isometric to three dimensional hyperbolic space 
drastically simplifies the computation of the sum over geometries with a two-torus as conformal 
boundary. The regularized sum then coincides with a chiral half of an extremal CFT partition 
function [181 I27j . It was also noted that all non-Einstein solutions of TMG admit a complex 
analytical continuation as can be seen from ()4.3ip . Now, the existence of Lorentzian non-Einstein 



Gnu + iiC.^ = 0. 
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solutions of TMG opens the possibility that complex geometries might play a role in the euclidean 
path integral, as would do e.g. the complex Euclidean Kerr geometry in four-dimensional gravity. 
The question of regularity is crucial since the path integral is usually restricted to smooth geometries: 
for instance, negative mass black holes - corresponding to conical defects - are not included. 
Moreover, when one considers a boundary torus as conformal completion, the geometry should be 
well-defined everywhere which constraints the potential complex saddle points, e.g. the analytic 
continuation of the solution (j3.22p cannot be defined on the torus since it would be multi-valued. 

The existence of regular complex saddle points with a conformal boundary torus is speculative 
but plausible since any anzatz F{t, (p) = g^^e*™"^ in (jl.5p would lead to such a well-defined saddle 
point upon analytic continuation, at least close to the boundary. The classical regularized Euclidean 
action Id of such saddle points can be computed using the arguments of [28]. Since the boundary 
stress-tensor does not depend on the function F{t, (p) and the diffeomorphism anomaly does not 
play a role on the boundary torus, we obtain e'^"' = for any solution of the form (II. 5p . The 
boundary gravitons can be included as well with the standard arguments. The partition function 
would then factorize 



where Z{t) is the anti-holomorphic extremal partition function described in [12] and A/" is a (regu- 
larized) degeneracy due to the complex saddle point^. This leads us to conclude that even if such 
saddle points exist, the partition function of chiral gravity is still likely to be chiral and modular 
invariant. 
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